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Abstract: We perform fully nonlinear, spherically symmetric numerical simulations of
superhorizon false-vacuum-domain (FVD) collapse in a coupled gravity-scalar-fluid system to
study primordial black hole (PBH) formation during delayed first-order phase transitions
(FOPTs). Using adaptive mesh refinement to resolve the bubble wall, we identify three
dynamical outcomes: type B (supercritical) PBHs with an interior baby universe and a
bifurcating trapping horizon, type A (subcritical) PBHs with an apparent horizon formed by
direct wall collapse, and dispersal with no PBH formation. To separate these three cases,
we evaluate two commonly used PBH-formation criteria: the time scale ratio tH/tV (horizon
crossing time versus vacuum-energy domination time) and the local density contrast δ(tH)
at horizon crossing. For the parameter space explored, we find that tH/tV is a more robust
predictor of outcome: type B PBHs form when tH/tV ≳ 1 (critical range ∼ 1.1 − 1.6 in our
survey), type A PBHs arise when tH/tV is below this threshold but remains above a lower
bound (typical range ∼ 0.35 − 0.7), and no-PBH dispersal occurs when tH/tV falls below
this lower bound. When a clear thin-wall FVD boundary exists, δ(tH) can correspondingly
distinguish different outcomes (roughly δc(tH) ∼ 1 − 1.7 for type B and δc(tH) ∼ 0.35 − 0.5
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for type A), but is highly sensitive to wall structure and model details and thus less universal.
These results offer new insights into the dynamics of FVD collapse, quantify practical PBH-
formation thresholds, and pave the way for precise predictions of PBH abundance from
delayed FOPTs.

Keywords: cosmological phase transitions, cosmological simulations, GR black holes,
primordial black holes
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1 Introduction

Primordial black holes (PBHs) are black holes that formed in the early Universe in a
non-stellar way [1–5]. They have garnered considerable attention due to their potential
cosmological and astrophysical implications. PBHs provide unique probes of the statistics
of small-scale primordial perturbations [6–14] and are a natural candidate for cold dark
matter without invoking physics beyond the Standard Model of particle physics [15–19].
They have also been proposed as progenitors of some binary black hole mergers observed by
LIGO-Virgo-KAGRA [20–24] and as seeds for supermassive black holes [25–32].

PBHs may form through a variety of mechanisms, including the collapse of primor-
dial adiabatic [33–37] and isocurvature [38, 39] perturbations, (p)reheating dynamics [40–
49], scalar condensate fragmentation [50–53], primordial magnetic field [54] or magneto-
hydrodynamics [55], and collapse of topological defects such as cosmic strings [56–63] and
domain walls [64–71], and cosmological first-order phase transitions (FOPTs). PBH formation
associated with FOPTs can proceed through several distinct channels depending on the
nature of the transition and the dynamics of vacuum bubbles (See ref. [72] for a mini-review):
bubble collisions [73–80], collapse of bubbles nucleated during inflation [29, 30, 81–86],
particles trapped in the false vacuum [87–89] (including collapsing Fermi balls [90–94] and Q-
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balls [95, 96]), interrupted transitions during an early matter-dominated reheating stage [97],
inverted bubble collapse [98], and collapse of delayed-decayed false vacuum patches [99–121].

The last mechanism [99] — PBH formations via collapse of delayed-decayed false vacuum
patches — arises from the stochastic and asynchronous nature of bubble nucleation during
FOPTs. In particular, if the transition is strongly supercooled, bubble nucleation may
be temporarily delayed in large regions, producing isolated symmetry-unbroken regions,
which we refer to as the trapped false vacuum [122] or simply the false vacuum domains
(FVDs) [104, 123, 124]. We refer to FOPTs that leave such large FVDs for extended periods
as delayed FOPTs. Outside an FVD, the universe is in the true vacuum and radiation-
dominated; inside an FVD, the energy density contains both radiation and false vacuum
energy components. As the universe expands, the radiation is diluted rapidly while the false
vacuum energy inside FVD remains constant and larger than the true vacuum energy outside
FVD, so a local overdensity develops inside the FVD that can potentially collapse to a PBH.

To determine whether a PBH could form from a delayed-decayed region, a commonly
used criterion is a threshold for the local density contrast [99–103, 105–107, 109–120]: if
the density contrast exceeds a critical value δc, the FVD is expected to collapse into a
PBH. A frequently quoted value is δc ∼ 0.45, which originates from numerical simulations
of PBH formation from curvature perturbations reentering the horizon during radiation
domination [33–35, 125]. Whether the same condition δ > 0.45 applies to PBH formation
from delayed FOPTs remains debated. Ref. [126] pointed out that the equations of motion
for a Hubble-sized patch containing radiation but no curvature perturbation admit only
expanding solutions, and argued that a Schwarzschild criterion1 — requiring the object to be
localized within its Schwarzschild radius — should be used instead [88, 104, 108, 121]. In
addition, refs. [131, 132] suggested that the gauge dependence of the density contrast may
substantially reduce the predicted PBH abundance for delayed FOPTs. To clarify these issues,
we perform fully nonlinear simulations of a coupled gravity-scalar-fluid system to study the
collapse dynamics of FVDs and to examine PBH formation criteria in detail.

A similar process of PBH formation occurs in the collapse of bubbles nucleated during
inflation. These true-vacuum bubbles during inflation become false-vacuum bubbles after
inflation ends, and their final fate depends on the bubble mass [81, 82]. Bubbles below a
critical mass collapse to a singularity and form a normal (“subcritical”) black hole, while
heavier bubbles inflate internally to produce a baby universe connected to the exterior FLRW
region by a wormhole that eventually pinches off. Observers outside the baby universe then
see a PBH, which is referred to as a “supercritical” black hole. For PBHs formed from
primordial curvature perturbations, a recent classification distinguishes between the type A
and type B PBHs according to the absence or presence of bifurcating trapping horizons (where
both outgoing and ingoing null expansions vanish, Θ+ = Θ− = 0) [36].2 The intersection
of these expansions locates a wormhole throat at which the physical radius attains a local
minimum, so this classification resembles the subcritical/supercritical distinction. As shown

1The Schwarzschild criterion can be generalized to the hoop conjecture [127–129], which accommodates
non-spherical collapse. See also ref. [130] for a modified hoop conjecture in an expanding spacetime.

2Some literatures also refer to type A/B PBHs as type I/II PBHs. Actually, type I/II is a classification of
curvature perturbations based on whether the areal radius is a monotonic function of the radial coordinate,
and type II perturbations do not necessarily form type B PBHs in the radiation-dominated background.
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in ref. [68], a bifurcating trapping horizon does form during supercritical PBH formation. In
this paper, we adopt the type A/B classification since it is straightforward to distinguish
them numerically by checking for bifurcating trapping horizons.

The investigation of FVD dynamics has a long history. Most studies use Israel’s junction
conditions to match interior and exterior metrics and to follow the motion of the FVD
boundary, under the assumptions of spherical symmetry and negligible wall thickness. In early
works [122, 133–137], an interior de Sitter region was matched to an exterior Schwarzschild
metric without including the radiation fluid. More recent analyses [123, 124, 138] have
incorporated the radiation fluid, which is more realistic for FOPTs in the early Universe. Two
kinds of solutions can be obtained from the equation of motion of the FVD boundary. If the
FVD boundary radius tends to infinity, a baby universe is realized, and a supercritical PBH
is formed. Ref. [123] used this approach and found that the ratio between the characteristic
timescales for horizon crossing and vacuum-energy domination can serve as a criterion for
supercritical PBH formation. However, the thin-wall approximation cannot distinguish
whether a contracting FVD ultimately produces a subcritical PBH or simply disperses as its
radius reaches zero. Moreover, computing PBH abundances from delayed FOPTs requires
accounting for subcritical PBHs, which can form via direct collapse of shrinking bubble
walls [126] or through subsequent accretion of ambient radiation [67]. These dynamics cannot
be captured by Israel’s junction conditions, motivating fully nonlinear simulations to resolve
the detailed dynamics of FVD collapse and to establish robust PBH formation criteria. For
simplicity, we also assume spherical symmetry and that no bubble nucleation occurs inside
the FVD, which is a reasonable approximation for strongly supercooled transitions. Our
simulation setup also accommodates other FVD collapse scenarios, such as the collapse
of inflationary bubbles [81, 82, 84, 86] and inverted bubbles [98], which naturally admit
spherical symmetry.

However, there are important differences between our setup and previous simulations
of inflationary bubble collapse in ref. [82]. In that paper, the bubble field was assumed
to be strongly coupled to Standard Model particles so that the bubble wall is effectively
impermeable,3 the fluid is confined to the exterior, and the bubble interior is described by de
Sitter spacetime. For permeable walls, only analytical estimates of the PBH mass exist in
certain limits [139]. In the present work, we assume permeable walls that interact with the
radiation fluid only through gravity, and thus our FVDs are filled with radiation.

This paper is organized as follows. In section 2, we introduce the simulation setup,
including the model and equations of motion, initial and boundary conditions, and numerical
methods. In section 3, we present the collapse dynamics of FVDs and classify outcomes as
type B (supercritical), type A (subcritical), and no PBH formation. In section 4, we examine
several PBH formation criteria for FVD collapse and compare them with our simulation
results. Finally, we conclude in section 5. Throughout this paper, we adopt geometrical
units with c = G = 1.

3See ref. [68] for simulations of permeable domain walls.
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2 Numerical simulation setups

2.1 The model and equations of motion

We consider a coupled gravity-scalar-fluid system with the action

S =
∫

d4x
√

−g

[
(4)R

16π
− 1

2gµν∂µϕ∂νϕ − V (ϕ) + Lfluid

]
, (2.1)

where (4)R is the four-dimensional Ricci scalar, gµν is the metric tensor, ϕ is a scalar field
with a potential V (ϕ), and Lfluid is the Lagrangian density of a perfect fluid. As stated above,
we assume spherical symmetry for the FVD so that the spacetime metric can be written as

ds2 = −A(t, r)2dt2 + B(t, r)2dr2 + R(t, r)2dΩ2, (2.2)

where A is the lapse function, B is the radial metric component, R is the areal radius, and
dΩ2 = dθ2 + sin2 θdφ2 is the two-sphere line element. Following the notation of ref. [140],
we define the auxiliary quantities

DtR ≡ 1
A

∂R

∂t
≡ U(t, r), (2.3a)

DrR ≡ 1
B

∂R

∂r
≡ Γ(t, r), (2.3b)

where Dt and Dr are the proper time and distance derivatives, respectively. Here U represents
the radial component of the fluid four-velocity in the associated Eulerian frame, and Γ is
a generalization of the Lorentz factor. To handle possible non-monotonic behavior of R

during evolution, we also introduce [68, 141]

K ≡ − 1
A

(
Ḃ

B
+ 2Ṙ

R

)
, (2.4)

which is the trace of the extrinsic curvature, K ≡ γijKij, of the spatial metric γij associated
with eq. (2.2). Here dots denote partial derivatives with respect to t and Kij ≡ −Lnγij/2 with
Ln the Lie derivative along the unit normal vector nµ = (1/A, 0, 0, 0) orthogonal to constant-t
hypersurfaces. In a spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) background,
K reduces to Kb = −3H, so K encodes the local Hubble expansion, including the modification
from cosmological fluctuations. The three-dimensional Ricci scalar of the spatial slices reads

(3)R = 2
R2

[
1 − (R′)2

B2 − 2R

B

(
R′

B

)′]
, (2.5)

where primes denote partial derivatives with respect to r. The detailed derivations of the
extrinsic curvature and (3)R are given in appendix A.

The energy-momentum tensors of the scalar field and the fluid are

T (ϕ)
µν = ∂µϕ∂νϕ − gµν

(1
2gαβ∂αϕ∂βϕ + V (ϕ)

)
, (2.6a)

T (fluid)
µν = (ρ + p)uµuν + pgµν , (2.6b)
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where ρ, p, and uµ are the fluid energy density, pressure, and four-velocity, respectively.
The total energy-momentum tensor is Tµν = T

(ϕ)
µν + T

(fluid)
µν . We assume only gravitational

interaction between the scalar field and the fluid, so that each energy-momentum tensor
is separately conserved,

∇µT (ϕ)
µν = 0, (2.7a)

∇µT (fluid)
µν = 0. (2.7b)

The fluid equation of state is taken to be p = ωρ with a constant ω. Since we focus on
FOPTs during the radiation-dominated era, we set ω = 1/3. The fluid four-velocity can
be parameterized as

uµ =
( 1

A
√

1 − v2
,

v

B
√

1 − v2
, 0, 0

)
(2.8)

where v(t, r) is the fluid three-velocity relative to the comoving radial coordinate r.
There is gauge freedom in the choice of the lapse function A(t, r). In the conventional

Misner-Sharp formalism [140], the lapse function is determined by the condition that the
fluid three-velocity vanishes, v(t, r) = 0, which is called comoving slicing. However, in our
scenario, we find it more numerically stable to choose the gauge condition A(t, r) = 1, which
is called geodesic slicing and implies that the coordinate time t corresponds to the proper
time of observers at fixed spatial coordinates. In this gauge, the fluid three-velocity v(t, r)
is nonzero in general. In what follows, we therefore set A(t, r) = 1.

To realize a FOPT, we adopt a temperature-independent scalar potential for simplicity [79,
142–144] as follows,

V (ϕ) =
[
1 + λ

(
ϕ

ϕT

)2
− (2λ + 4)

(
ϕ

ϕT

)3
+ (λ + 3)

(
ϕ

ϕT

)4]
(VF − VT) + VT, (2.9)

where ϕT denotes the true-vacuum field value (the false vacuum is at ϕ = 0), VF and
VT are the potential energy densities at the false and true vacua, respectively, and λ is a
dimensionless parameter that controls the position and height of the barrier between the
two vacua, as illustrated in figure 1. In the limit of λ → +∞, the minima of the potential
become nearly degenerate compared to the barrier, and this corresponds to the thin-wall
limit. In the limit of λ → 0, the potential barrier becomes infinitesimally small relative to
the potential energy difference, which is called the thick-wall limit. The energy difference
between the false and true vacua is

ρV = VF − VT, (2.10)

and in this work we set VT = 0, so that ρV = VF.
In the thin-wall limit, the bubble wall thickness is estimated by [145–147]

ltw = 2√
∂2

ϕV (ϕT)
=

√
2ϕT√

(λ + 6)ρV
, (2.11)

– 5 –
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Figure 1. The scalar potential V (ϕ) for different values of λ. The potential is normalized by VF and
the field by ϕT.

and the surface tension can be approximated as [84, 124, 148]

σ ≃
∫ ∞

0
dr

[
1
2

(dϕ

dr

)2
+ V (ϕ) − VT

]
≃
∫ ϕT

0
dϕ
√

2(V (ϕ) − VT) ≃ λ
3
2 ϕT

√
2ρV

6(λ + 3) . (2.12)

The scalar-field energy density ρϕ = ρK + ρV + ρG decomposes into kinetic, gradient,
and potential parts,

ρK = ϕ̇2

2A2 , (2.13)

ρG = ϕ′2

2B2 , (2.14)

ρV = V (ϕ). (2.15)

The total energy density of the system is

ρtot = ρ + ρϕ = ρ + ρK + ρG + ρV. (2.16)

For numerical convenience, we introduce dimensionless variables by rescaling with the
initial Hubble parameter Hi,

t̃ = Hit, r̃ = Hir, R̃ = HiR, K̃ = 1
Hi

K, ρ̃ = 1
H2

i

ρ, Ṽ = 1
H2

i

V, (2.17)

and thereafter drop tildes for notational simplicity. With this choice, the initial Hubble
parameter is Hi = 1, the initial time is ti = α with α = 2/(3(1 + ω)), and the initial
background energy density is ρb(ti) = 3/(8π).

– 6 –
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In these dimensionless variables, the Einstein equations together with the conservation
equations yield

Ṙ = U, (2.18a)

U̇ = −1 + U2 − Γ2

2R
− 4πRT 1

1, (2.18b)

ρ̇ = (1 + ω)ρ
1 − ωv2

[
−v2

(
K + 2U

R

)
+ K − 2vΓ

R
− v′

B

]
− 1 − ω

1 − ωv2
ρ′v

B
, (2.18c)

v̇ = (1 − v2)v
1 − ωv2

[(
K + 2U

R

)
− ωK + 2ωvΓ

R
− (1 − v2)ω

(1 + ω)v
ρ′

ρB

]
− 1 − ω

1 − ωv2
v′v

B
, (2.18d)

Ḃ = −B

(
K + 2U

R

)
, (2.18e)

Γ̇ = −4πRT01
B

, (2.18f)

K̇ =
(

K + 2U

R

)2
+ 2

(
U

R

)2
+ 4π(T00 + T 1

1 + 2T 2
2), (2.18g)

ϕ̇ = Π, (2.18h)

Π̇ = KΠ + 1
BR2

(
R2

B
ϕ′
)′

− ∂ϕV, (2.18i)

where Π ≡ ϕ̇ and the stress-tensor components are

T00 = 1 + ωv2

1 − v2 ρ + 1
2 ϕ̇2 + 1

2B2 ϕ′2 + V (ϕ), (2.19a)

T 1
1 = ω + v2

1 − v2 ρ + 1
2 ϕ̇2 + 1

2B2 ϕ′2 − V (ϕ), (2.19b)

T 2
2 = ωρ + 1

2 ϕ̇2 − 1
2B2 ϕ′2 − V (ϕ), (2.19c)

T01 = ϕ̇ϕ′ − 1 + ω

1 − v2 ρvB. (2.19d)

These equations form the basis of our numerical evolution described below.

2.2 Initial conditions

We specify initial data at t = ti as follows. The initial scale factor is set to ai = 1. We model
the system as an FVD embedded in a radiation-dominated FLRW background and therefore
initialize metric components and auxiliary variables to their FLRW values as

B(ti, r) = 1, R(ti, r) = r, U(ti, r) = r, Γ(ti, r) = 1, K(ti, r) = −3. (2.20)

The scalar field transitions smoothly from the false vacuum ϕ = 0 at the FVD center to
the true vacuum ϕ = ϕT at large r with an illustrative profile of the form

ϕ(ti, r) = ϕT
2

[
1 + tanh

(
r − ri

l

)]
, (2.21)

where ri is the initial radius of the FVD and l is the initial wall thickness. In this work, we take

l = ri

10 . (2.22)
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We have verified that moderate variations of l do not qualitatively affect the subsequent
evolution. The scalar field is taken to be initially at rest, Π(ti, r) = 0, in accordance with
ref. [123].

The radiation fluid is initially comoving, v(ti, r) = 0. To satisfy the Hamiltonian
constraint on the initial time slice, we choose the initial fluid energy density to compensate
the scalar-field contribution [68],

ρ(ti, r) = ρb(ti) − ρϕ(ti, r) = 3
8π

− 1
2ϕ′2(ti, r) − V (ϕ(ti, r)), (2.23)

where ρb(t) denotes the FLRW background radiation energy density at time t. By setting the
initial fluid energy density in this way, the total energy density is homogeneous, ρtot(ti, r) =
ρb(ti), and the curvature perturbation is zero on our chosen initial hypersurface. This
implies that the initial configuration in our simulations is a compensated isocurvature
perturbation between the scalar/vacuum sector and the radiation fluid. The transition from
this isocurvature perturbation to a density one is dynamically realized during the evolution:
as the universe expands, the exterior radiation dilutes while the interior vacuum energy
remains constant, actively generating a local total density contrast.

2.3 Boundary conditions

At the origin r = 0, obviously we have R(t, 0) = 0 and U(t, 0) = 0. Regularity imposes
ϕ′(t, 0) = 0, Π′(t, 0) = 0, ρ′(t, 0) = 0, and v(t, 0) = 0. By parity symmetry, the metric
functions A, B, Γ, K are even functions of r.

At the outer boundary r = rmax, the scalar field is fixed in the true vacuum: ϕ(t, rmax) =
ϕT and Π(t, rmax) = 0, so that the spacetime approaches a pure-radiation FLRW solution. In
our simulations, we set rmax = 5ri, which places the outer boundary sufficiently far from the
FVD so that it remains effectively in the FLRW regime throughout the evolution.

2.4 Misner-Sharp mass and expansions

We characterize the gravitational energy contained within a sphere of areal radius R using
the Misner-Sharp mass [140, 149, 150], defined for a spherically symmetric metric by

M = R

2 (1 − gµν∂µR∂νR) . (2.24)

In our metric ansatz, this becomes

M = R

2 (1 + U2 − Γ2). (2.25)

From the Einstein equations, one obtains

M ′ = 4πR2
(
R′T00 − ṘT01

)
, (2.26)

which is actually a combination of the Hamiltonian and momentum constraints and provides
a useful monitor of numerical accuracy (see appendix B).

– 8 –
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The local causal geometry of a spherical surface r = const can be characterized by the
expansions of the outgoing and ingoing null geodesic congruences orthogonal to the surface.
After introducing the outgoing (+) and ingoing (−) null vectors,

k±
µ = 1√

2
(−A, ±B, 0, 0), (2.27)

satisfying k+ · k− = −1, the expansions are defined by

Θ± ≡ hµν∇µk±
ν , (2.28)

where hµν is the induced metric on the two-sphere. In our coordinates, this reduces to

Θ± =
√

2
R

(U ± Γ). (2.29)

We classify surfaces according to the signs of Θ±: a normal surface has Θ+ > 0 and
Θ− < 0; a trapped surface has Θ± < 0; and an anti-trapped surface has Θ± > 0. The
transition from a normal to a trapped surface should satisfy Θ+ = 0 and Θ− < 0, which
corresponds to a marginally trapped surface, usually called an apparent horizon. Conversely,
the transition from a normal to an anti-trapped surface should satisfy Θ− = 0 and Θ+ > 0,
which corresponds to a marginally anti-trapped surface, and possibly being a cosmological or
white-hole horizon. A bifurcating trapping horizon occurs when Θ+ = Θ− = 0 simultaneously.
We adopt the formation of an apparent horizon or a bifurcating trapping horizon as the
diagnostic for type A and type B PBH formation, respectively.

As we will see in our simulations, PBH formation is not only imposed or checked at the
horizon-crossing time tH. Instead, we continuously evolve the fully nonlinear gravity-scalar-
fluid system from an initially super-horizon FVD, through horizon crossing, and into the
sub-horizon regime, until either a trapping horizon forms or the FVD disperses. It is the
actual appearance of an apparent horizon or a bifurcating trapping horizon that diagnoses
PBH formation. In spherical symmetry, this horizon-based diagnostic is equivalent to the
Schwarzschild condition 2M/R = 1. Numerically, we continuously check whether a black hole
horizon forms during the full evolution process. Therefore, our simulations are capable of
capturing PBHs that form before, around, or after the nominal horizon-crossing time.

2.5 Numerical implementation

We evolve eqs. (2.18a)–(2.18i) using the method of lines. Radial derivatives are discretized
using fourth-order finite-difference stencils on a uniform grid of N points, and time integration
is performed with a classical fourth-order Runge-Kutta scheme. Ghost zones are added at
both boundaries to impose boundary conditions. The time step ∆t is chosen to satisfy the
Courant-Friedrichs-Lewy (CFL) condition, ∆t = C∆r with C < 1.

To resolve the shrinking comoving thickness of bubble walls in an expanding spacetime, we
implement a Berger-Oliger adaptive mesh refinement (AMR) scheme [151] with the scalar-field
gradient |ϕ′| as the refinement indicator. Interpolation between levels (radial and temporal)
is performed linearly; time stepping on each level is adjusted to satisfy the CFL condition
for that level. Recent applications of similar AMR strategies in numerical relativity and
cosmology can be found in refs. [71, 152, 153].
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To suppress high-frequency numerical errors introduced by finite-difference truncation
and regridding, we add a Kreiss-Oliger dissipation term [154] to the evolution of every
dynamical variable f :

∂tfm → ∂tfm + ϵ

64∆r
(fm+3 − 6fm+2 + 15fm+1 − 20fm + 15fm−1 − 6fm−2 + fm−3), (2.30)

where m ± n labels the grid point offset and ϵ is an adjustable dissipation parameter typically
of the order O(10−2).

Unless stated otherwise, our simulations use a base grid with N = 5000 points and a
maximum refinement ratio of 16. We take C = 0.5 for the CFL condition and ϵ = 0.01
for the Kreiss-Oliger dissipation. Convergence tests of our numerical implementation are
presented in appendix B.

3 Dynamics of false vacuum domains

The remaining dimensionless parameters in our simulations are ϕT, λ, VF, and ri. For a
representative parameter set, we choose

ϕT = 0.1, λ = 20, ri = 10, (3.1)

which corresponds to a relatively thin-wall regime. We then vary VF to investigate its
influence on the evolution of FVDs and on PBH formation. As discussed in refs. [81, 82], FVD
collapse can produce two qualitatively different PBH outcomes depending on the competition
between vacuum energy and gravitational collapse. If vacuum energy dominates the FVD
dynamics, the interior inflates and a baby universe forms, yielding a supercritical (type B)
PBH; if gravitational collapse dominates, the FVD directly collapses to a subcritical (type
A) PBH without forming a baby universe. A third possibility is that the FVD disperses
entirely and hence no PBH forms. Below, we present representative simulation results for
these three outcomes.

3.1 Type B PBH formation

We first consider type B PBH formation. Figure 2 shows the time evolution of several
quantities for VF = 5 × 10−5 (the blue lines correspond to the initial time ti = α = 1/2).

Panel (a) displays the scalar-field profile ϕ at different times: the FVD initially shrinks
rapidly due to the pressure difference between the vacua, and when the FVD interior begins to
inflate, the comoving radius of the wall decreases more slowly. Panel (b) shows the areal-radius
profile R before the formation of the bifurcating trapping horizon: the areal radius inside the
FVD undergoes exponential expansion, and a local maximum develops at the bubble wall. A
local minimum also appears outside the FVD, signaling the formation of a wormhole that
connects the baby universe inside the FVD to the exterior universe. This throat coincides
with the location where Θ+ and Θ− intersect, and its areal radius increases during this stage.

Panel (c) presents the total energy density at different times. At the initial time, the total
energy density is homogeneous due to our choice of initial conditions. However, the local
difference in the equation of state dynamically converts the initial isocurvature perturbation
into a total density contrast. Inside the FVD, the energy density rapidly approaches the false

– 10 –



J
C
A
P
0
7
(
2
0
2
6
)
0
7
3

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
r

0.00

0.02

0.04

0.06

0.08

0.10

t = 0.5
t = 20
t = 50
t = 80
t = 120
t = 162.125

(a)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
r

0

100

200

300

400

500

R

(b)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
r

10 9

10 8

10 7

10 6

10 5

10 4

10 3

10 2

10 1

to
t

(c)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
r

0.01

0.00

0.01

0.02

0.03

0.04

±
+

BH Horizon

(d)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
r

0

100

200

300

400

500

R

t = 162.125
t = 200
t = 240
t = 280
t = 320
t = 338.5

(e)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
r

0.0025

0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

0.0150

0.0175

(3
) R

(f)

Figure 2. Time evolution of several quantities for type B PBH formation with VF = 5 × 10−5. (a)
Scalar-field profile ϕ. (b) Areal radius R before the formation of the bifurcating trapping horizon. (c)
Total energy density ρtot. (d) Expansions Θ±; the black dot marks the bifurcating trapping horizon.
(e) Areal radius R after horizon formation. (f) Three-dimensional Ricci scalar (3)R.
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vacuum value ρV = VF = 5 × 10−5 since the radiation fluid is diluted by the exponential
expansion, while the vacuum energy remains constant. Outside the FVD, the radiation
energy density decreases with cosmic expansion. This produces a large density contrast
that increases over time, resulting in PBH formation. We also observe that the total energy
density has a peak at the FVD boundary due to the bubble-wall energy.

At t = 162.125, a bifurcating trapping horizon forms at the wormhole throat, satisfying
Θ+ = Θ− = 0; this is indicated by the black dot in panel (d). The bifurcating horizon then
splits into two marginal surfaces: one with Θ+ = 0, Θ− < 0 (an apparent horizon) and the
other with Θ− = 0, Θ+ > 0 (the corresponding anti-trapped branch); these two horizons
then separate and move in opposite directions. After bifurcation, the areal radius of the
throat begins to decrease and eventually reaches zero, indicating a singularity forms and the
throat pinches off from the exterior universe (see panel (e)).

Panel (f) shows the three-dimensional Ricci scalar (3)R. Initially, the Ricci scalar vanishes
everywhere because the initial spacetime configuration is chosen to match the flat FLRW
solution. As the bubble wall shrinks, a localized region of positive spatial curvature develops
around the wall due to the concentrated energy. Therefore, even though the overdensity does
not come from the inflationary curvature perturbation, the collapse of the FVD generates
local curvature in the surrounding spacetime that provides a locally contracting solution
and promotes PBH formation.

3.2 Type A PBH formation

If the vacuum energy inside the FVD is insufficient to dominate the dynamics before horizon
crossing, the bubble wall collapses under self-gravity and can form a type A PBH. In figure 3,
we show a representative run with VF = 1 × 10−5.

Panel (a) displays the temporal evolution of the scalar-field profile ϕ. Similar to the
type B case, the bubble wall quickly shrinks under the vacuum-pressure difference. In this
case, however, after the wall crosses the horizon (around t = 50; see eq. (4.2) below), the
scalar field begins to oscillate around the true vacuum ϕ = ϕT. The areal radius R, shown in
panel (b), remains a monotonically increasing function of r, although measurable deviations
from the FLRW solution persist.

Panel (c) presents the total energy density profiles. As in the type B case, the energy
density inside the FVD approaches the false vacuum value ρV = VF = 1 × 10−5, while
the exterior radiation density decreases with cosmic expansion. However, here the energy
concentrated at the FVD boundary grows as the wall shrinks: the vacuum energy is converted
into kinetic and gradient energy concentrated in the wall. The increasing wall energy drives
collapse and leads to PBH formation before vacuum-energy domination. This is what was
found analytically in ref. [126] and confirmed numerically here.

However, the sub-horizon collapse included in this work should not be confused with a
general study of initially sub-horizon FVDs. Our initial data are constructed on a super-
horizon slice as compensated scalar/vacuum-radiation isocurvature perturbations with FLRW
geometry. When such an FVD later becomes sub-horizon, its scalar profile, radiation density,
fluid velocity, and local curvature have all been generated dynamically by the preceding
evolution and automatically satisfy the Einstein constraints. By contrast, an initially strongly
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Figure 3. Time evolution of several quantities for type A PBH formation with VF = 1 × 10−5. (a)
Scalar-field profile ϕ. (b) Areal radius R before the formation of the apparent horizon. (c) Total
energy density ρtot. (d) Expansions Θ±; the black dot marks the apparent horizon. (e) Areal radius
R after horizon formation. (f) Three-dimensional Ricci scalar (3)R.
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sub-horizon FVD capable of forming a PBH would generally require a large scalar-field energy
density already on the initial slice. In that case, the simple compensated FLRW initial data
used here may no longer be applicable. One must solve the Hamiltonian and momentum
constraints to construct consistent non-FLRW initial data. Such genuinely sub-horizon initial
data are beyond the scope of the present work, which will be explored in the future.

At t = 111.78, an apparent horizon forms near (but outside) the bubble wall, satisfying
Θ+ = 0 and Θ− < 0; its location is marked by the black dot in panel (d). After formation,
the apparent horizon rapidly approaches the singularity R = 0, as shown in panel (e). Panel
(f) displays the three-dimensional Ricci scalar (3)R at different times: a positive curvature
develops around the contracting wall and increases as wall energy concentrates, facilitating
type A PBH formation.

3.3 No PBH formation

If the vacuum energy inside the FVD is sufficiently small, the FVD can completely disperse
without producing a PBH. Figure 4 illustrates this outcome for VF = 5 × 10−7.

Panel (a) shows the scalar-field evolution: the thin-wall profile quickly breaks as the
bubble wall contracts. The false-vacuum region vanishes once ϕ(r = 0) first exceeds ϕT,
which we take as the completion of the phase transition. Thereafter, the scalar field oscillates
about the true vacuum ϕ = ϕT [145, 146]. During these oscillations, gradient energy remains
subdominant while vacuum and kinetic energies exchange periodically. Energy is radiated
away as outgoing scalar waves.

The areal-radius profile in panel (b) exhibits only minor departures from the FLRW
background. Panel (c) shows that, although the central energy density is still larger than the
exterior value, it steadily decays and eventually falls below VF = 5 × 10−7. The expansion
profiles in panel (d) confirm the absence of trapped surfaces, and the spatial curvature
(panel (e)) relaxes back toward zero. Taken together, these diagnostics indicate that no
PBH forms in this parameter regime.

4 Thresholds for type A/B PBHs

In the previous section, we presented three possible outcomes of FVD evolution: type B PBH
formation, type A PBH formation, and no PBH formation, depending on the specific vacuum
energy density difference. In this section, we study the thresholds that separate these outcomes
by reviewing commonly used PBH-formation criteria and testing them against our simulations.

Both the appearance of an apparent horizon (Θ+ = 0 and Θ− < 0) and a bifurcating
trapping horizon (Θ+ = Θ− = 0) satisfy

Θ+Θ− = 2
R2 (U2 − Γ2) = 0 =⇒ 2M

R
= 1, (4.1)

where eqs. (2.25) and (2.29) have been used. Therefore, these horizon-based criteria are
equivalent to the Schwarzschild condition 2M/R = 1 and are independent of the detailed
formation mechanism.

Following refs. [68, 82, 123], we also consider the formation criterion by comparing some
characteristic time scales. One of the relevant time scales is the time when the FVD crosses the
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Figure 4. Time evolution of several quantities for the no-PBH outcome with VF = 5 × 10−7. (a)
Scalar-field profile ϕ. (b) Areal radius R. (c) Total energy density ρtot. (d) Expansions Θ±. (e)
Three-dimensional Ricci scalar (3)R.
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Hubble horizon. Neglecting cosmological perturbations and assuming a radiation-dominated
FLRW background, the horizon crossing time tH can be estimated by equating the physical
radius of the FVD to the Hubble radius,

RH(t) = 2t = a(t)ri = ai

√
t/tiri =⇒ tH = r2

i

4ti
. (4.2)

This expression can be evaluated from the initial data irrespective of the subsequent dynamics
of the FVD. Another relevant time scale is the time when the vacuum energy inside the
FVD begins to dominate the local expansion,

tV = 1
2

√
3

8πρV
. (4.3)

We also define a time scale related to the surface tension of the bubble wall,

tσ = 1
2πσ

. (4.4)

As demonstrated in refs. [84, 123, 126], tσ is usually much larger than tV for sub-Planckian
field values,

tσ

tV
=

√
8ρV√
3πσ

≃ 4
√

3√
π

λ + 3
λ3/2ϕT

≃ 4
√

3√
πλ

1
ϕT

≫ 1 ⇐⇒ ϕT ≪ 4
√

3
πλ

= 4
√

24
λ

MPl ≃ 1, (4.5)

where we have used the expression (2.12) of σ in the thin-wall limit and MPl = 1/
√

8πG is
the reduced Planck mass in our units. Therefore, the surface tension typically has a negligible
effect on the PBH formation threshold and will be omitted in what follows. Heuristically,
one expects a baby universe/type B PBH outcome if vacuum-energy domination occurs
before horizon crossing, tH/tV ≳ 1; while a type A PBH or dispersion occurs if horizon
crossing precedes vacuum-energy domination, tH/tV ≲ 1. It is worth noting that the physical
mechanism underlying the tH/tV criterion is closely analogous to PBH formation from
cold dark matter (CDM) isocurvature perturbations, as recently studied by Passaglia and
Sasaki [38]. In their scenario, PBH formation requires the CDM isocurvature perturbation to
be sufficiently large to induce local matter domination before horizon crossing. Similarly, in
our scenario, the initial isocurvature perturbation associated with the FVD must generate
a local vacuum-energy domination before or around the horizon-crossing time (tH/tV ≳ 1)
to successfully produce a type B PBH.

Another frequently used criterion is the local density contrast at horizon crossing,

δ(tH) = ρin(tH) − ρout(tH)
ρout(tH) , (4.6)

where ρin(tH) and ρout(tH) are the total energy densities inside and outside the FVD at tH.
In general, if δ(tH) exceeds a certain threshold δc ∼ 0.45, a PBH is expected to form. If
we neglect fluid inhomogeneities, the radiation contributions cancel out between inside and
outside, and one obtains the simple estimate [138]

δ(tH) ≃ ρV + ρ(tH) − ρ(tH)
ρ(tH) = ρV

ρ(tH) = ρV
3H2(tH)/8π

= 8πρV/3
1/(4t2

H)
=
(

tH
tV

)2
. (4.7)
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It follows that the approximate density contrast at tH is directly related to the square of the
time scale ratio tH/tV. In practice, however, spacetime inhomogeneities and gravitational
interactions between the scalar field and the fluid modify this simple estimate, so we compute
the true contrast numerically as

δ(tH) = ρtot(tH, 0) − ρtot(tH, rmax)
ρtot(tH, rmax) . (4.8)

For a given choice of ϕT, λ, and ri, we locate the critical value of VF that separates type
B, type A, and no-PBH outcomes using a bisection search, and we record the corresponding
threshold values of tH/tV and δ(tH). This procedure allows us to map how the critical
thresholds depend on the physical parameters and to assess which criterion better predicts
PBH formation from collapsing FVDs.

We must emphasize that PBH formation in our simulations is not imposed at the horizon-
crossing time. The system is evolved from an initially super-horizon FVD through horizon
crossing and into the sub-horizon regime, and PBH formation is diagnosed by the actual
appearance of an apparent horizon or a bifurcating trapping horizon. Thus, tH/tV and
δ(tH) are just convenient, practical, and predictive criteria evaluated at horizon crossing,
not statements that the PBH forms exactly at tH.

4.1 Threshold for type B PBH

We first determine the thresholds for type B PBH formation using the appearance of a
bifurcating trapping horizon as the diagnostic. Both the time scale ratio tH/tV and the
density contrast δ(tH) refer to the horizon-crossing time tH and therefore should be insensitive
to ri. To test this, we fix ϕT = 0.1 and λ = 20, and then vary ri to change tH. The
dependence of the thresholds on ri is shown in panel (a) of figure 5. It can be seen that
the critical values of tH/tV and δ(tH) remain nearly constant as ri varies, confirming their
insensitivity to the initial FVD size.

Next, we study how the thresholds depend on the potential shape. Panel (b) of figure 5
fix ϕT = 0.1 and ri = 10 and varies λ. We can see that as λ increases (toward the thin-wall
regime), both critical tH/tV and δ(tH) decrease. The change in tH/tV is relatively small: it
falls from ∼ 1.5 to ∼ 1.2 as λ increases from 10 to 30, approaching the thin-wall estimate
tH/tV ∼ 1.25 reported in ref. [123]. The critical δ(tH) shows a larger decline with increasing
λ, consistent with the trend noted in that work.

Finally, we examine the sensitivity of the thresholds on the true-vacuum field value ϕT.
Panel (c) of figure 5 displays the dependence on ϕT (with λ = 20 and ri = 10 fixed). We
find that the critical tH/tV decreases modestly as ϕT grows (roughly from 1.6 to 1.1 as ϕT
increases from 0.05 to 0.2), while δ(tH) exhibits a non-monotonic behavior: it first decreases
and then increases. This nonmonotonicity likely arises because a large ϕT disrupts the
thin-wall configuration, degrading the definition of the FVD boundary and thereby affecting
the computation of the local contrast. Figure 6 illustrates this effect for ϕT = 0.2 with VF
near the threshold, showing the scalar field and total energy density profiles at the horizon
crossing time. It can be seen that the thin-wall profile is distorted and the central field value
ϕ(r = 0) departs from the false-vacuum value.
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Figure 5. Thresholds for type B PBH formation. (a) Dependence on the initial FVD radius ri (fixed
ϕT = 0.1 and λ = 20). (b) Dependence on the potential parameter λ (fixed ϕT = 0.1 and ri = 10). (c)
Dependence on the true-vacuum field value ϕT (fixed λ = 20 and ri = 10). Blue squares and orange
circles denote the critical values of tH/tV and δ(tH), respectively.

Across the parameter ranges we explored, the critical tH/tV varies relatively small and
remains between 1.1 and 1.6, indicating that the time-scale criterion is robust to changes in
potential parameters and initial FVD size, consistent with the results obtained in the thin-wall
limit [123]. In contrast, the local density contrast δ(tH) is more sensitive to model details and
thus less reliable as a universal threshold for type B PBH formation in FVD collapse. Our
fully nonlinear treatment yields larger variations in the critical values of δ(tH) than those
reported in thin-wall analyses, reflecting breakdowns of the thin-wall approximation in some
parameter regions and complex nonlinear dynamics during collapse.

4.2 Threshold for type A PBH

For smaller vacuum energy, the scalar field value at the center ϕ(r = 0) can first cross to
the true vacuum and then oscillate about ϕT. During these oscillations, the vacuum energy
may be converted into kinetic and gradient energy that can still drive collapse and produce a
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Figure 6. Scalar field (left) and total energy density (right) profiles at the horizon crossing time for
ϕT = 0.2 with VF near the critical threshold. The thin-wall profile is distorted, and the central field
value ϕ(r = 0) departs from the false-vacuum value.

type A PBH. In practice, the smallest black hole we reliably resolve in our simulations has
comoving radius rBH ≈ 0.5. For parameters closer to the threshold, the central field profile
becomes extremely sharp, and our code crashes before horizon formation is unambiguously
detected; we therefore treat the last resolvable run as the approximate threshold between
type A PBH formation and dispersion.

Figure 7 summarizes how the type A thresholds depend on ri, λ, and ϕT. As in the type
B case, the critical values of tH/tV are largely insensitive to ri (panel (a)), indicating that it
is independent of the horizon crossing time. By contrast, δ(tH) exhibits large variation with
ri since a small ri often destroys the thin-wall configuration before horizon crossing, making
the FVD boundary ill-defined and the density contrast measurement uncertain.

Varying ϕT produces a similar effect (panel (c)): tH/tV changes only slightly (roughly
from 0.35 to 0.7) as ϕT increases from 0.05 to 0.2, while δ(tH) can grow dramatically, maybe
because the bubble wall energy is sensitive to ϕT and large ϕT tends to distort the thin-
wall profile before horizon crossing. When λ is varied from 10 to 30 (panel (b)), δ(tH) is
comparatively stable and provides a useful criterion, typically lying in the range ∼ 0.35 − 0.5,
close to the conventional threshold for PBH formation from curvature perturbations in
radiation domination.

In summary, the time scale ratio tH/tV serves as a PBH-formation criterion that is
relatively independent of the thin-wall assumption, while the local density contrast δ(tH)
depends strongly on whether a well-defined thin wall (and hence a clear FVD boundary) exists.
If the thin-wall configuration is destroyed before horizon crossing, the FVD boundary becomes
ambiguous, leading to significant uncertainty in δ(tH). In our survey, the critical value of
tH/tV for type B PBH formation lies roughly in the range 1.1 − 1.6, while for type A PBH
formation it lies roughly in the range 0.35 − 0.7. For cases where the thin-wall approximation
holds, the critical value of δ(tH) for type B PBH formation spans approximately 1 − 1.7,
while for type A PBH formation it remains relatively stable between 0.35 and 0.5.

The sensitivity of δ(tH) to the wall structure is reminiscent of the dependence of the
collapse threshold on the perturbation profile in the context of PBH formation from adiabatic
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Figure 7. Thresholds for type A PBH formation. (a) Dependence on the initial FVD radius ri (fixed
ϕT = 0.1 and λ = 20). (b) Dependence on the potential parameter λ (fixed ϕT = 0.1 and ri = 10). (c)
Dependence on the true-vacuum field value ϕT (fixed λ = 20 and ri = 10). Blue squares and orange
circles denote the critical values of tH/tV and δ(tH), respectively.

curvature perturbations [155–157]. In this sense, the density profile generated by the collapsing
FVD is controlled by the physical properties of the domain and its wall, such as the initial FVD
radius, the scalar potential parameters, and the vacuum-energy difference. Our parameter
scan over ri, λ, and ϕT therefore partly probes the profile dependence of FVD collapse. The
results show that δ(tH) is sensitive to these details, especially when the thin-wall configuration
breaks down and the FVD boundary becomes ambiguous. This behavior is consistent with
the known profile dependence of PBH thresholds. By contrast, the timescale ratio tH/tV
is less sensitive to the detailed wall profile and captures the main competition between
vacuum-energy domination and horizon crossing. We therefore regard tH/tV as a more robust
criterion for the class of FVD configurations studied here, while a full treatment of the
statistical distribution of FVD sizes and profiles from bubble nucleation is left for future work.
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5 Conclusions and discussions

In this work, we have performed fully nonlinear, spherically symmetric numerical simulations
of FVD collapse in a coupled gravity-scalar-fluid system to study the dynamical pathways to
PBH formation during delayed FOPTs and to test PBH-formation criteria. We adopted a
phenomenological scalar potential with adjustable parameters to model the FOPTs, and set
up initial conditions corresponding to superhorizon FVDs embedded in a radiation-dominated
FLRW background. Numerically, we evolved the coupled system with the method of lines
and a Berger-Oliger AMR scheme to resolve the bubble wall.

Our simulations reveal three distinct dynamical outcomes, depending primarily on the
competition between vacuum energy inside the FVD and gravitational collapse:

1. type B (supercritical) PBH formation, in which the FVD interior inflates, a wormhole
throat appears, and a bifurcating trapping horizon (Θ+ = Θ− = 0) forms, producing a
baby-universe interior that is observed externally as a PBH;

2. type A (subcritical) PBH formation, where the wall energy concentrates, causing the
wall to collapse under self-gravity to form an apparent horizon (Θ+ = 0 and Θ− < 0)
without an interior baby universe;

3. no-PBH outcome, in which the false vacuum region disperses, the scalar field oscillates
about the true vacuum, energy is radiated away as outgoing scalar waves, and no
trapped surface forms.

We traced these behaviors through the scalar-field profile, areal-radius evolution, total
energy-density, expansions, and the spatial Ricci scalar.

A primary goal of this work is to assess practical criteria for PBH formation arising from
the collapse of FVDs. We focus on two diagnostics: the time-scale ratio tH/tV (horizon-
crossing time versus vacuum-energy domination time) and the local density contrast δ(tH)
evaluated at horizon crossing. Our main findings are:

• The horizon-based diagnostics (apparent horizon or bifurcating trapping horizon) are
equivalent to the Schwarzschild condition 2M/R = 1 in our coordinates and provide a
robust, mechanism-independent indicator for PBH formation.

• For the sub-Planckian parameter ranges we considered, surface-tension effects (character-
ized by tσ) are typically subdominant and do not qualitatively affect the PBH-formation
thresholds.

• The time-scale ratio tH/tV is comparatively stable across parameter variations. For
the parameter ranges we explored (ϕT, λ, ri varied around our representative thin-
wall choice), the critical tH/tV separating type B formation lies roughly in the range
∼ 1.1 − 1.6 (approaching the thin-wall estimation ∼ 1.25 [123] as λ increases), while for
type A formation, it lies approximately in ∼ 0.35 − 0.7.

• By contrast, the local density contrast δ(tH) depends sensitively on microphysical and
geometrical details. When a clear thin-wall FVD boundary exists, δ(tH) can provide a
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useful threshold (typical values for type A lie near ∼ 0.35 − 0.5); however, when the
thin-wall approximation breaks down (e.g. for small ri or large ϕT), the FVD boundary
becomes ill-defined and δ(tH) varies widely, limiting its reliability as a universal criterion.

These results have several implications. First, they demonstrate that delayed FOPTs can
produce PBHs through qualitatively different channels (baby-universe formation versus direct
collapse). Second, a simple time-scale comparison tH/tV captures the essential competition
between expansion driven by vacuum energy and gravitational collapse, and can serve as a
robust predictor for PBH formation across a wide range of parameters. Third, adopting a
single density threshold (e.g. δc ∼ 0.45 derived from curvature-perturbation-driven collapse)
is not generally justified for FVD-driven PBH formation without careful assessment of wall
structure and nonlinear dynamics.

We must emphasize several caveats and limitations of the present study. (i) Spherical
symmetry was assumed throughout the paper. This can be ensured for inflationary bubbles,
but for delayed FOPTs, FVD remnants may have complex, non-spherical, or even arbitrary
shapes, which is hard to extract definite results. This may modify, and in many cases
is expected to suppress, the collapse of FVDs that would have formed PBHs in spherical
symmetry. We also neglected possible nucleation of additional bubbles inside the FVD, which
would further complicate the dynamics. These effects could modify collapse dynamics and
thresholds. (ii) We adopted a temperature-independent, phenomenological scalar potential
and assumed only gravitational coupling between the scalar and radiation fluid. Nontrivial
finite-temperature effects and scalar-fluid couplings can change wall speed, wall permeability,
and collapse dynamics. Moreover, our radiation component is modeled as a perfect fluid,
but dissipative effects such as viscosity, heat conduction, finite-mean-free-path diffusion, or
Silk damping [158, 159], may suppress the growth of compactness. (iii) We use geodesic
slicing A = 1 for numerical stability. However, some diagnostics — especially δ(tH) —
are gauge-dependent. Our results echo recent studies and underscore the need for gauge-
invariant measures where possible. (iv) Finally, we did not compute PBH mass functions or
abundances integrated over stochastic nucleation statistics; such predictions require combining
our dynamical thresholds with a probabilistic model of FVD occurrence. In this work, we
have focused on the local nonlinear evolution of a single isolated, approximately spherical
FVD. The thresholds obtained here should therefore be interpreted as conditional collapse
criteria for a given FVD configuration. To obtain the abundance, these criteria must be
combined with the probability distribution of FVD sizes and profiles generated by the
underlying bubble nucleation history. In the simplest treatment, bubble nucleation is often
approximated as a Poisson process. However, critical bubbles in FOPTs may be biased and
spatially correlated [160, 161]. If present, bubble correlations can modify the probability of
forming large FVDs, their spatial distribution, and their departure from spherical symmetry.
Incorporating these effects into the PBH abundance calculation is beyond the scope of the
present work and is left for future study.

Looking forward, several directions are natural extensions of this work. First, large
inhomogeneities generated by delayed FOPTs may also induce curvature perturbations
that source second-order scalar-induced gravitational waves [111, 113, 131, 132, 162, 163].
Together with PBH production, such a stochastic gravitational wave background can serve

– 22 –



J
C
A
P
0
7
(
2
0
2
6
)
0
7
3

as a complementary probe for delayed FOPTs. Second, direct (non-gravitational) couplings
between the scalar field and additional species or the surrounding plasma could lead to
particle production [164]. Such non-perturbative particle production may act as an effective
friction or dissipation mechanism, transferring energy from the moving wall/vacuum sector
to radiation or other species. This could potentially alter the collapse dynamics and the PBH
formation thresholds. These effects are model-dependent and should be incorporated in future
simulations by adding appropriate matter components or source terms. It is also important
to include temperature-dependent potentials to assess robustness against finite-temperature
effects. Third, PBH spin is absent in the present spherically symmetric setup. Removing the
symmetry restriction by performing fully (3 + 1)-dimensional numerical-relativity simulations
will enable us to test non-spherical collapse channels and study the spin of PBHs formed from
delayed FOPTs [165, 166]. Finally, a complementary avenue is to embed these dynamical
results into statistical models of bubble nucleation to compute PBH mass spectra and
cosmic abundances. FVDs originate from the stochastic and asynchronous nature of bubble
nucleation, and their distribution is generally expected to be non-Gaussian. Our results
should be viewed as conditional collapse criteria for a given FVD configuration. A complete
PBH abundance calculation must convolve these thresholds with the statistical distribution
of FVD sizes and profiles generated by the underlying FOPT.

In summary, our fully nonlinear simulations clarify the dynamical pathways by which
delayed FOPTs can produce PBHs and quantify practical diagnostics for distinguishing
different dynamical outcomes. The time-scale ratio tH/tV emerges as a robust, physically
transparent predictor across a wide region of parameter space, while the local density contrast
δ(tH) requires careful application. These results provide a foundation for more realistic,
multidimensional studies that aim to link phase-transition microphysics to observable PBH
signatures.

A Derivations of K and (3)R

In this appendix, we derive the expressions for the trace of the extrinsic curvature K and the
three-dimensional Ricci scalar (3)R used in the main text. Greek and Latin letters denote
spacetime and spatial indices, respectively. A general 3 + 1 line element can be written as

ds2 = −A2dt2 + γij(dxi + βidt)(dxj + βjdt), (A.1)

where A is the lapse function, βi is the shift vector, and γij is the spatial metric. The unit
normal vector to the spatial hypersurfaces is

nµ = (1/A, −βi/A), nµ = (−A, 0), (A.2)

and the spatial projection operator is γµ
ν ≡ δµ

ν + nµnν . The extrinsic curvature is defined by

Kµν ≡ −γα
µ ∇αnν = −1

2Lnγµν , (A.3)

where ∇α is the covariant derivative associated with the spacetime metric gµν , and Ln

denotes the Lie derivative along nµ. Its trace is

K ≡ gµνKµν = γijKij . (A.4)
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The time derivative of K is given by (see, e.g., refs. [167, 168])

∂tK = βi∂iK − γijDiDjA + A
(
KijKij + 4π(E + S)

)
, (A.5)

where Di is the covariant derivative associated with the spatial metric γij , E ≡ nµnνTµν ,
and S ≡ gµνγα

µ γβ
ν Tαβ = γijTij . The three-dimensional Ricci scalar (3)R of the spatial

hypersurfaces is
(3)R = γij

(
∂kΓk

ij − ∂jΓk
ik + Γl

ijΓk
kl − Γl

ikΓk
jl

)
, (A.6)

where Γk
ij is the Christoffel symbol associated with γij .

Specializing to the comoving threading βi = 0 and spherical symmetry, the line element
reduces to eq. (2.2), and the spatial metric becomes

γij = diag
(
B2, R2, R2 sin2 θ

)
. (A.7)

The nonzero components of the extrinsic curvature are

Kij = diag
(

−BḂ

A
, −RṘ

A
, −RṘ sin2 θ

A

)
, (A.8)

from which the trace becomes

K = − 1
A

(
Ḃ

B
+ 2Ṙ

R

)
= − 1

A

(
Ḃ

B
+ 2AU

R

)
, (A.9)

and a straightforward calculation yields

KijKij = 1
A2

(Ḃ

B

)2

+ 2
(

Ṙ

R

)2
 =

(
K + 2U

R

)2
+ 2

(
U

R

)2
, (A.10)

where in the last equality we have used Ḃ = −AB(K + 2U/R) from eq. (A.9). Substituting
this expression together with the comoving threading βi = 0 and geodesic slicing A = 1
into eq. (A.5) reproduces eq. (2.18g) in the main text. Finally, the three-dimensional Ricci
scalar reduces to the form

(3)R = 2
R2

[
1 − (R′)2

B2 − 2R

B

(
R′

B

)′]
. (A.11)

B Convergence tests

In this appendix, we validate our numerical implementation by performing a convergence test
similar to refs. [9, 169]. To quantify the numerical error, we use the L2-norm of eq. (2.26),
which is actually a combination of the Hamiltonian and momentum constraints and should
vanish if the Einstein-scalar-fluid system is solved correctly. Concretely, we define the
constraint violation and its L2-norm as

H ≡ M ′ − 4πR2
(
R′T00 − ṘT01

)
, (B.1a)

||H||2 ≡ 1
N

√√√√ N∑
i=1

|Hi|2, (B.1b)
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Figure 8. Convergence test of our numerical code. Left panel: Time evolution of ||H||2 for several
grid resolutions. Right panel: the L2-norm at the end of the simulation as a function of grid point
number N . The black dashed line indicates the expected N−4 scaling.

where the subscript i labels grid points and N is the number of grid points.
To probe the convergence order of our numerical code, we disable AMR and run a sequence

of fixed-resolution simulations. We choose the type B PBH formation case (VF = 5 × 10−5)
for this test, since it involves the most complex dynamics among the three outcomes. Grid
resolutions are varied from N = 3500 to N = 10000 in increments of 500, while all other
parameters remain as in the main text. The left panel of figure 8 shows the time evolution of
||H||2 for selected grid resolutions. It can be seen that for sufficiently high resolution, the
constraint violation remains at the level O(10−3) throughout the simulation. The right panel
plots the L2-norm at the end of the simulation as a function of N . A reference N−4 scaling
(black dashed line) matches the data well, confirming fourth-order convergence consistent
with our fourth-order finite-difference spatial discretization and fourth-order Runge-Kutta
time integrator.
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