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1 Introduction and motivation

The exploration of superfluidity [1, 2], a state of matter characterized by zero viscosity and
perfect fluidity without dissipating energy, has been a fascinating subject in the realm of
condensed matter physics. Traditionally, superfluids have been studied in the context of
Bose-Einstein condensates (BECs), where the phenomenon is observed at extremely low
temperatures [3–8]. Since then, the theoretical framework and experimental techniques
for studying superfluids have been thriving, leading to novel insights and applications in
various fields, including quantum information processing [9–11], superconductivity [12, 13],
and astrophysics [14, 15]. In recent years, there has been a surge of interest in studying
superfluids on shell-shaped systems [16–18], inspired by the unique properties that arise
from the curvature and topology of confining geometry [19–22]. In the field of condensed
matter, ref. [17] theoretically studied the critical temperature of Bose-Einstein condensation
in a spherical potential well and discussed the effect of dimensional changes of the spherical
potential well, from 3D to 2D, on the critical temperature. However, they cannot rigorously
obtain a finite critical temperature for Bose Einstein condensation on the 2D sphere using
the semi-classical approximation method. Moreover, as the external radius b = a+ δ goes to
the internal radius a, δ → 0, Taylor expansion approximation about Bessel function gives the
conclusion that it need an infinite amount of energy to excite the radial degree of freedom.
Therefore, the so-called 2-dimensional sphere they refer to is not a strictly 2-dimensional
spherical system. In contrast, the holographic gravity model [23, 24] in this paper can
easily and analytically construct a mathematical 2-dimensional spherical system to study
the phase transition of Bose-Einstein condensation, where the thickness of its shell is strictly
zero. Ref. [18] investigated Bose-Einstein condensation in spherical systems, which includes
two cases: noninteracting Bose gas and interacting Bose gas. In the non-interacting Bose
gas system, they found that the smaller the radius of the spherical surface, the higher the
critical temperature for Bose-Einstein condensation. Furthermore, the critical temperature
for the phase transition on the spherical surface is always higher than that in the planar
system, which is mirrored in our paper. In addition to theoretical research, there have
also been some experimental advancements. A spherical potential well can be constructed
experimentally [25–27] to confine the atoms in this kind of bubble trap. Recently, with the
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construction of the NASA Cold Atom Lab (CAL) inside the International Space Station [28],
experiments involving the cold atoms system in a bubble trap under microgravity conditions
have become possible [29]. Furthermore, ultracold bubbles between two-component cold
atomic gases has been observed in microgravity aboard CAL [19], which confines the Bose-
Einstein condensation formed by one component, restricting its exclusion to the surface shell
of the solid sphere of the Bose-Einstein condensate formed by the other component. Ultracold
bubbles are precisely spherical BEC systems, and the spherical holographic superfluid model
has the potential to describe ultracold bubbles. The two-dimensional surface will exhibit richer
topological structures and curvature behaviors and offer a rich playground for investigating
the interplay between superfluid properties and the geometry structure, potentially leading
to a new picture of phase transition and collective excitations [30–32] that are not present
in the planar case. Therefore, the study of spherical superfluids is of great significance, and
the results are expected to be experimentally validated.

Inspired by the progress in these experiments and the theoretical research about shell-
shaped Bose Einstein condensations in the realm of condensed matter, we have begun to use
the holographic gravity approach to study the Bose-Einstein condensation of cold atoms in a
two-dimensional spherical system to explore the new phenomena that may be induced by
the spatial topology and curvature within it. One of our results shows that the superfluid
phase transition temperature on the 2-dimensional unit sphere is indeed higher than that
in the planar topology case, which is consistent with the result in ref. [18]. As for the case
of interacting Bose gases in ref. [18], it can be realized by adding interaction terms for the
scalar field in a holographic gravity model, but this is not the focus of this article.

The holographic principle, or AdS/CFT correspondence, has emerged as a powerful
tool in theoretical physics, allowing the study of strongly coupled systems through gravity
duals in higher-dimensional spacetime [33–35]. The study of superfluidity in holographic
systems has garnered significant interest due to its implications for understanding strongly
correlated systems and quantum phase transitions, such as holographic superfluid [36–41]
and superconductors [42], where the phase transitions and properties of these systems can
be mapped to black hole solutions in Anti-de Sitter (AdS) spacetime. Despite considerable
advances in the comprehension of holographic superfluids within planar topology, the extension
to spherical topology remains notably unexplored. This paper seeks to address this gap by
exploring the phase transitions and collective modes of holographic superfluids on the sphere,
and plans to understand how the spherical geometry affects the superfluid phase transition
as well as the dynamics of collective excitation modes.

Furthermore, The discussion in [43] includes holographic superconducting phase and
linear perturbation analysis under spherical topology; however, it primarily addresses the
scenario of small black holes, which are inherently thermodynamically unstable spacetime
structures. Moreover, they just focus on the case of high frequency ω, ignoring other intriguing
collective modes for the case of low frequency. In our study, we both focus on the background
geometry from large black hole and small black hole, and investigate collective elementary
excitation coming from small ω and compare them with the flat case. There exist four
different solutions: hairy large black hole, bald large black hole, hairy small black hole, and
bald small black hole. For the four distinct solutions, we analyzed their phase-transition
behavior and calculated their free energy. On the other hand, we calculated the quasi-normal
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modes as well as its dynamic behavior associated with temperature, chemical potential, and
angular quantum number three parameters. Moreover, we obtain the “first” hydrodynamic
excitation mode, which is reflected in the literature [32]. Meanwhile, we observed three kinds
of quasi-normal modes coming from different channels.

The paper is organized as follows. In the next section, we introduce the holographic
superfluid setup under a spherical topology background. In section 3, we study the phase
transition from normal state to superfluid state. In section 4, we perform a linear analysis to
explore collective excitation modes. In section 5, we draw our conclusions and some outlook.

2 Holographic setup

The simplest holographic superfluid model is described as the Abelian-Higgs model coupled
to Einstein’s gravity in the asymptotically AdS spacetime, and the corresponding action
is given by [23, 24]

I = 1
16πG

∫
M
d4x

√
−g

[
R− 2Λ + 1

e2Lmatter

]
, (2.1)

where the Lagrangian for matter fields reads

Lmatter = −1
4FabF

ab − |DΨ|2 −m2 |Ψ|2 . (2.2)

Here G is Newton’s gravitational constant, Λ is the negative cosmological constant and
related to the AdS radius as L2 = −3/Λ. Da = ∇a − iAa, with ∇a the covariant derivative
compatible to the metric. Ψ is a complex scalar field coupled to the gauge potential Aa,
with mass m and charge e. In what follows, we shall work with the probe limit, namely the
back-reaction of the matter fields to the background metric can be neglected, which can be
achieved by taking the limit of e → ∞. As such, for our purpose, we take the spherically
symmetric Schwarzschild-AdS4 spacetime

ds2 = L2

z2

[
−f(z)dt2 + dz2

f(z) + L2(dθ2 + sin2 θdφ2)
]
, (2.3)

as our background geometry, where the blackening factor f (z) = 1 + z2

L2 −
(

z
zh

)3
(

1 + z2
h

L2

)
with zh the horizon location. Hawking temperature is given by

T = |f ′ (zh) |
4π = 3 + z2

h/L
2

4πzh
. (2.4)

In the following, we shall work in the units with L = 1, then the above temperature will be
interpreted as the temperature of the dual boundary system living on the unit sphere by
holography. Note that, As usual, in this paper, we adopt natural units (c = 1, G = 1, ℏ = 1),
where all physical quantities have the dimension of length. Additionally, for convenience,
we set the AdS radius to 1 (L = 1), so all physical quantities are dimensionless. Obviously,
in natural units, at zh =

√
3, Hawking temperature arrives at its minimal value Tmin =

√
3

2π ,
below which there is no black hole solution and above which there are two black hole solutions.
Moreover, there exists a first order Hawking-Page phase transition at THP = 1

π , above which
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the thermodynamically stable state is given by the large black hole and below which the
thermodynamically stable state is given by the thermal AdS [44]. However, the large black
hole is dynamically stable at least at the linear level all the way down to the minimal
temperature Tmin. Similarly, although the small black hole is thermodynamically unstable, it
is also dynamically stable at least at the linear level all the way down to Tmin. So in what
follows, we would like to take both large and small black holes as our background geometry,
regardless of whether the background geometry is thermodynamically stable or not.

The dynamics of the matter fields on the aforementioned background is controlled by
the following equations of motion

∇aF
ab = Jb, DaD

aΨ −m2Ψ = 0, (2.5)

with Jb = i
[
Ψ∗DbΨ − Ψ

(
DbΨ

)∗]
. Accordingly, the asymptotic behavior for the bulk fields

near the AdS boundary can be obtained as follows

Aν = aν + bνz + · · · , Ψ = Ψ−z
∆− + Ψ+z

∆+ + · · · , (2.6)

where we have already worked with the axial gauge Az = 0 with ν only taking the boundary
coordinates and ∆± = 3

2±
√

9
4 +m2. According to the holographic dictionary, bν is interpreted

as the U(1) conserved current for the boundary system sourced by aν . In particular, at is
interpreted as the chemical potential acting on the boundary system, and bt = −ρ with ρ

the boundary particle number density. On the other hand, for simplicity but without loss of
generality, below we set m2 = −2. As a result, we have ∆− = 1 and ∆+ = 2, where both Ψ−
and Ψ+ can serve as the source, corresponding to the standard and alternative quantizations,
respectively. In what follows, we shall work exclusively with the standard quantization, where
the expectation value of the dual scalar operator is given by

⟨O⟩ = δSren
δΨ−

= Ψ∗
+ (2.7)

with the renormalized action Sren = S−
∫
d3x

√
−h|Ψ|2 [40]. When the scalar source is turned

off, ⟨O⟩ ̸= 0, the bulk black hole carries a scalar hair, corresponding to the superfluid state
on the boundary with ⟨O⟩ interpreted as the superfluid condensate, otherwise it is bald,
corresponding to the normal fluid state.

3 Holographic superfluid phase transition

In this section, we shall investigate the phase transition to holographic static and homogeneous
superfluid from the normal fluid. As such, the non-vanishing bulk fields can be assumed to
be Ψ(z) ≡ zψ(z) and At(z) with ψ(z) being also real. Then the corresponding equations
of motion reduces to

0 = z2A2
tψ

f
+ (2 − 2f + zf ′)ψ + z2f ′ψ′ + z2fψ′′, 0 = fA′′

t − 2Atψ
2, (3.1)

where the prime represents the derivative with respect to the radial direction z.
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Figure 1. The bulk profile for the scalar field ψ and gauge field At at zh = 1 and µ = 7.
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Figure 2. The critical line for the phase transition from the normal fluid to superfluid, where the red
and blue lines denote the critical line for the phase transition occurring on the large and small black
holes, respectively. As a comparison, the dashed straight line as the critical line for the corresponding
phase transition occuring on the planar black hole is also depicted in the right plot. The region above
the critical line corresponds to the superfluid phase and the region below the critical line corresponds
to the normal fluid state.

The bulk solution dual to the normal fluid state is given analytically by

ψ = 0, At = µ

(
1 − z

zh

)
. (3.2)

However, for the superfluid state, we have no dual analytic bulk solution, for which we resort to
the pseudo-spectrum method to discretize the spatial direction and Newton iteration method
to solve the resulting non-linear algebraic equations. As a demonstration, we plot in figure 1
the numerical profile for the bulk fields dual to the superfluid state at zh = 1 and µ = 7.

As further shown in the left plot of figure 2, we find that with the decrease of the
background black hole size, the critical chemical potential for the phase transition from the
normal state to the superfluid phase decreases. By rephrasing it on the µ− T plane in the
right plot of figure 2, we find that the large and small black holes as the background geometry
give rise to distinct behaviors for the critical line. Namely, for the large black hole as the
background geometry, the critical chemical potential increases with the temperature. While
for the small black hole as the background geometry, the critical chemical potential decreases
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exotically with the temperature. As a comparison with the phase transition occurring on the
planar black hole background, we also depict in the right plot of figure 2 the corresponding
critical line, which is exactly straight due to the scaling symmetry of the boundary system.
As one can see, for a fixed chemical potential, the critical temperature for the phase transition
to the superfluid on the unit sphere is always larger than that for the phase transition to
the superfluid on the plane. This implies that the normal fluid is easier to spontaneously
break to the superfluid phase when confined on the unit sphere. It is noteworthy that this
qualitative feature is also shared by the non-interacting Bose-Einstein condensates on the
sphere using the conventional method [18]. On the other hand, the critical line for the phase
transition occurring on the large black hole asymptotically approaches the critical line for
the phase transition occurring on the planar black hole in the large chemical limit. This
is supposed to be reasonable in the sense that this limit corresponds to the probe of the
ultraviolet scale physics of the boundary system, to which the infrared scale set by the size
of the boundary system is supposed to be irrelevant.

Next we present the typical condensation behaviors across the phase transition point in
figure 3 and figure 4 at fixed temperature and chemical potential, respectively. As shown in
figure 3, the condensation displays a normal second order phase transition with respect to the
chemical potential at fixed temperature. In particular, this behavior is universal in the sense
that neither does it depend on whether the temperature under consideration is higher or
lower than the Hawking-Page temperature, nor depends on whether the involved background
geometry is given by the large or small black hole. On the other hand, as demonstrated in
figure 4, although the condensation associated with the large black hole as the background
geometry still exhibits a normal second phase transition with respect to the temperature
at fixed chemical potential, the condensation associated with the small black hole as the
background geometry demonstrates an anomalous second-order phase transition in the sense
that below some critical temperature, the condensate instead vanishes, while above the critical
temperature, the condensate increases with the increase of the temperature.

Last, in order to confirm the above phase transition in the phase diagram, we are left
with working in the grand canonical ensemble to perform the analysis of the free energy,
which can be obtained by the aid of the on-shell condition and boundary condition as

F = −1
2

[
4π
∫ zh

0
z−4jνAνdz + 4π

(
z−4F zνAν

)∣∣∣∣
z=0

]

= 4π
∫ zh

0
dz

(
ψ2A

2
t

f

)
− 2πµρ. (3.3)

With it, we plot in figure 5 the resulting difference of the free energy of all other possible
phases with respect to that for the bald small black hole at given temperature and chemical
potential. As is well known, the equilibrium at fixed temperature is unstable for the lower
mass of black hole but is locally stable for the higher mass of black hole [44]. As such the
free energy of large black holes is lower than that of small black holes. In this paper, we
only calculated the free energy of the matter field in two different black hole backgrounds.
The study finds that the free energy of the matter field in the large black hole background is
smaller than that in the small black hole background. In conclusion, the total free energy of
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Figure 3. The variation of the condensate with respect to the chemical potential at fixed temperature.
The temperature is chosen to be lower than THP for the upper plots and higher than THP for the lower
plots. The left and right plots are for the large and small black holes as the background, respectively.
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Figure 4. The variation of the condensate with respect to the temperature at fixed chemical potential,
where the left plot and right plot are for the large black hole and small black hole, respectively.

matter and gravitational fields in the large black hole spacetime background is lower than
that in the small black hole case, which indicates that the physical system in the large black
hole background is more thermodynamically stable. On the other hand, in this article, we
focus on the probe limit case, therefore, if we consider the contribution of gravitational free
energy and matter together, the free energy of the matter field can be neglected, which has
no significance for the present work. Here, we use the small bald black hole as a reference,
because we can directly compare the thermodynamic stability of small and large black holes,
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and we are not concerned with their absolute values, only with their relative sizes, so we
can determine which one is more stable. The results indicates that we will focus only on
the case of large black holes in our future studies.

As one can see from the free energy difference, the phase transition indicated in figure 3
and figure 4 is actually a second-order phase transition. In addition, the hairy large black
hole, if such a solution exists, always carries the lowest free energy, thus thermodynamically
favorable. Otherwise, the lowest free energy carrier is the bald large black hole.

4 Collective modes of holographic superfluid

In this section, we will perform the linear perturbation analysis of our holographic superfluid
and extract its collective modes, which correspond to the quasi-normal modes in the bulk. As
such, we like to shift to the ingoing Eddington-Finkelstein coordinates, where the metric reads

ds2 = 1
z2

[
−f (z) dt2 − 2dzdt+ dθ2 + sin2 θdφ2

]
. (4.1)

Accordingly, the equations of motion for the bulk matter fields can be written explicitly
as follows

0 = ψ
(
2 − z2A2

θ − z2A2
φ csc2 θ − iz2Aθ cot θ − 2f + z∂zf − iz2 csc2 θ∂φAφ − iz2∂θAθ

)
+ z2(− 2iAφ csc2 θ∂φψ + csc2 θ∂2

φψ − 2iAθ∂θψ + cot θ∂θψ + ∂2
θψ + 2iAt∂zψ

)
+ z2

(
∂zf∂zψ + f∂2

zψ − 2∂t∂zψ
)

+ iψz2∂zAt, (4.2)

0 = −∂2
zAt + (cot θ) ∂zAθ + i (ψ∗∂zψ − ψ∂zψ

∗) +
(
csc2 θ

)
∂z∂φAφ + ∂z∂θAθ, (4.3)

0 = ∂t∂zAt − f csc2 θ∂z∂φAφ − f∂z∂θAθ − cot θ (∂θAt + f∂zAθ − ∂tAθ) + 2Atψψ
∗ − ∂2

θAt

− if (ψ∗∂zψ − ψ∂zψ
∗) + i (ψ∗∂tψ − ψ∂tψ

∗) − csc2 θ
(
∂2

φAt − ∂t∂φAφ

)
+ ∂t∂θAθ, (4.4)

0 = f∂2
zAθ + csc2 θ∂2

φAθ − 2Aθψψ
∗ − i (ψ∗∂θψ − ψ∂θψ

∗) − csc2 θ∂θ∂φAφ + ∂zf∂zAθ

+ ∂z∂θAt − 2∂t∂zAθ, (4.5)
0 = −f∂2

zAφ + 2Aφψψ
∗ + i

(
ψ∗∂φψ − ψ∂φψ

∗)− cot θ∂φAθ −
(
∂2

θAφ − ∂θ∂φAθ

)
− ∂zf∂zAφ − ∂z∂φAt + 2∂t∂zAφ + cot θ∂θAφ, (4.6)

where the axial gauge Az = 0 is also used in the ingoing Eddington-Finkenstein coordinates.
The corresponding background solution in this new coordinate system can be obtained readily
via the coordinate transformation supplemented by the following gauge transformation

A→ AS + ∇β ψ → ψSe
iβ , (4.7)

with β = −
∫ At

f dz, AS and ψS the corresponding background profile in the Schwarzschild
coordinates.

To investigate the quasi-normal modes on top of the background in question, we are
required to make the following ansatz for the perturbed bulk fields, i.e.,

δψ = e−iωtq1 (z)Yl,m (θ, φ) + eiω∗tq∗2 (z)Y ∗
l,m (θ, φ) , (4.8)

δAt = e−iωta (z)Yl,m (θ, φ) + eiω∗ta∗ (z)Y ∗
l,m (θ, φ) , (4.9)
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Figure 5. The difference in the free energy between all other possible phases and the bald small
black hole. The dashed horizontal line denotes the free energy for the bald small black hole, which we
set to be zero. The blue, dashed red, and red lines individually denote the free energy of hairy small
black hole, bald large black hole, and hairy large black hole with respect to that for the bald small
black hole.

δAθ = e−iωt
[
b (z)
sin θ∂φYl,m + c (z) ∂θYl,m

]
+ eiω∗t

[
b∗ (z)
sin θ ∂φY

∗
l,m + c∗ (z) ∂θY

∗
l,m

]
, (4.10)

δAφ = e−iωt [−b (z) sin θ∂θYl,m + c (z) ∂φYl,m] + eiω∗t
[
−b∗ (z) sin θ∂θY

∗
l,m + c∗ (z) ∂φY

∗
l,m

]
,

(4.11)

whereby the linearized perturbation equations read

0 = z2f∂2
zq1 +

[
2iz2 (At + ω) + z2∂zf

]
∂zq1 +

[
2 − 2f −

(
l + l2

)
z2 + iz2∂zAt + z∂zf

]
q1

+ iz2ψ∂za+ 2iaz2 (∂zψ) + ic
(
l + l2

)
z2ψ, (4.12)

0 = z2f∂2
zq2 −

[
2iz2 (At − ω) − z2∂zf

]
∂zq2 +

[
2 − 2f − z2

(
l + l2

)
− iz2∂zAt + z∂zf

]
q2

− iz2ψ∗∂za− 2iaz2 (∂zψ
∗) − ic

(
l + l2

)
z2ψ∗, (4.13)

0 = −∂2
za−

(
l2 + l

)
∂zc+ i (ψ∗∂zq1 − q1∂zψ

∗ − ψ∂zq2 + q2∂zψ) , (4.14)

0 = f∂2
zb− 2bψ∗ψ + 2iω∂zb+ (∂zb) (∂zf) − bl (l + 1) , (4.15)

0 = f∂2
zc− 2cψ∗ψ + 2iω∂zc+ (∂zc) (∂zf) + i (q2ψ − ψ∗q1) + ∂za, (4.16)

0 = 2aψψ∗ − a [−l (l + 1)] + 2At (q1ψ
∗ + q2ψ) − f (∂zc) [−l (l + 1)] − iωc [−l (l + 1)]

− iω∂za+ ω (q1ψ
∗ − q2ψ) + if (ψ∂zq2 − q2∂zψ + q1∂zψ

∗ − ψ∗∂zq1) . (4.17)
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It is noteworthy that eq. (4.15) and eq. (4.16) should be discarded in the case of l = 0,
where there is indeed essentially no excitation for the b and c modes, which can be seen
from eq. (4.5) and eq. (4.6). Eqs. (4.12)–(4.16) in the bulk as well as eq. (4.17) evaluated at
the AdS boundary supplemented with the Dirichlet boundary conditions for all modes on
the AdS boundary can be formulated in terms of the generalized eigenvalue problem for the
quasi-normal modes, which can be solved readily by our numerical method. Furthermore,
note that the b mode decouples from the other modes. So in the case of l = 0, we have
the quasi-normal frequencies from the coupled q1, q2, a modes, while in the case of l ̸= 0
we have the quasi-normal frequencies separately from the b mode and the coupled q1, q2,
a, c modes, respectively.

We first look at the behavior of the l = 0 quasi-normal modes near the phase transition,
which is depicted in figure 6 and figure 7. As the normal fluid approaches the critical point,
the two low-lying modes, which lie symmetrically in the lower ω plane, migrate symmetrically
towards the origin. Exactly at the critical point, they meet each other at the origin. If
the system is kept in the normal fluid state beyond the critical point, one can see that the
two low-lying modes will continue to migrate towards the upper ω plane, which signals the
dynamical instability of the normal fluid state. On the other hand, if the system transits
to the superfluid state, one can see that one mode remains at the origin as the Goldstone
mode, while the other mode migrates down the imaginary axis as the Higgs mode. Although
our system is confined on the finite sphere, the above result indicates the equivalence of the
dynamical instability and the thermodynamical instability still holds for our system.

In what follows, we investigate the behavior of the superfluid system for the case of
l ̸= 0 with large black hole and small black hole being our background geometry, respectively.
Initially, we studied the variation of the low-lying quasi-normal modes with the temperature
at fixed chemical potential, which is presented in figure 8. The two top panels are calculated in
the background of the large black hole, the bottom two panels are from small black hole. From
the top left panel, two scalar modes move towards the origin with temperature decreasing;
however, they change direction after finishing the phase transition represented by the green
dot. Until the temperature reaches the lowest value (characterized by purple dot), both modes
remain stable all the time. However, the scalar modes in the small black hole (bottom left
panel) exhibit anomalies with changes in temperature. When the temperature is lower than
the critical point, the system is in a normal flow state, while above the critical temperature
the system transits to a superfluid state. The right column is from the independent equation
of the b field. It shows an inflection point at the location of the phase transition with large
black hole being our background geometry, but no inflection point appears in the case of a
small black hole. Meanwhile, we explore the impact associated with chemical potential on
the low-lying quasi-normal modes at fixed temperature, which is shown in figure 9. Similarly,
the dynamic behaviors of the low-lying quasi-normal modes undergoes a turning point at the
phase transition location. Remarkably, the low-lying quasi-normal modes of b field do not
move until the phase transition occurs, which is reasonable according to equation (4.15).

Furthermore, we investigate the impact of angular quantum numbers l on collective
modes. Figure 10 shows the dynamic behaviors of the collective modes with respect to the
angular quantum number at fixed temperature and chemical potential for the normal-fluid
state. Here, there exist three different channels of modes: the scalar field channel, the
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Figure 6. The variation of the low-lying quasi-normal modes with the chemical potential at fixed
temperature. The dashed red and dashed blue lines are for the bald large and small black holes while
the red and blue lines are for the hairy large and small black holes. The chemical potential is varied
from 3.0 to 5.5 for the top left panel, from 1.8 to 4.4 for the top right panel, from 5.4 to 7.8 for the
bottom left panel, and from 1.4 to 4.0 for the bottom right panel.
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Figure 7. The variation of the low-lying quasi-normal modes with the temperature at fixed chemical
potential. The dashed red and dashed blue lines are for the bald large and small black holes while the
red and blue lines are for the hairy large and small black holes. The temperature is varied from 0.3 to
0.5 for the left panel, and from 0.29 to 0.41 for the right panel.

transverse gauge field channel, and the longitudinal gauge field channel [45]. The three kinds
of channels are decoupled when the system is in normal fluid state. In figure 10, the three
top panels are based on a large black hole background, and bottom results are from a small
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Figure 8. The variation of the low-lying quasi-normal modes with the temperature at fixed chemical
potential for large (top plots) and small (bottom plots) black holes, where angular quantum number
is set to l = 1. The temperature is varied from Tmin =

√
3/2π to 0.52 for large black hole, from

Tmin =
√

3/2π to 0.743 for small black hole. As the temperature decreases, the two modes move in
the direction indicated by the arrow. The left plots are the case of scalar channel and the right plots
are from independent equation of b field. The green dot represents phase transition from normal state
to superfluid state for large black hole, the situation is exactly opposite for small black hole. The
purple dot represents the state of the lowest temperature.

black hole background. The left column depict scalar field channel (q1 and q2 fields), middle
column are from longitudinal gauge field channel (coupled a and c fields), and the right
column are from transverse gauge field (b field) channel. l is varied from 0 to 6 for the scalar
channel and from 1 to 6 for the gauge field channels. Since the fields of b and c are excitation
modes of the angular components of the gauge fields, these excitation modes do not exist as
l = 0. Therefore, we calculate quasi-normal modes of b field and c field starting from l = 1.
Moreover, a, c fields are coupled as l ̸= 0 for normal-fluid state. There is only one zero mode
for a field, which reflects charge diffusion. Since l = 1 on the sphere topology corresponds to
the case of large wave number k on the planar topology, the dynamic behaviors of the three
channels for large black hole background in figure 10 are similar to those in the planar case.
However, we can identify that the dynamic behaviors of scalar modes in the backgrounds
of the two types of black holes are completely different. Here, it also exhibits an unusual
side for small black hole background. As such, compared to small black hole, the superfluid
system with large black hole being background geometry in spherical topology is similar to
the case that in planar topology. Figure 11 describes the superfluid case for different values
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Figure 9. The variation of the low-lying quasi-normal modes with chemical potential at fixed
temperature for l = 1 case under large (top plots) and small (bottom plots) black holes background.
Chemical potential is varied from 3.5 to 5.0 for large black hole, from 2.2 to 3.5 for small black
hole. Left plots are the case of scalar channel and the right plots are from independent equation of b
field. The green dot represents phase transition from normal state to superfluid state for both two
types of black holes. Thus, we can identify that the modes from the b field do not move until phase
transition occurs.

of l. The left column is from scalar modes, the right column is from transverse gauge field. In
this case, scalar field channel and longitudinal gauge field channel are coupled together, the
transverse gauge field channel is always decoupled with other fields. Similarly, the dynamic
behaviors of all modes under large black hole background in figure 11 are consistent with
those of the planar case, but there are anomalies in the case of small black holes.

To make the dispersion relation clearer under a spherical homogeneous superfluid, we
depict the relationship between the real part of frequency and the angular quantum number
L for normal fluid state in figure 12. One can identify that, considering only the real part
of the modes, the dispersion relations in the case of large black hole and small black hole
are similar regardless of which of the three channels it is. For the superfluid state, it is
presented in figure 13. From the left column of panels in figure 13, it can be seen that there
exist gapless modes for both the two types of black holes, which is exactly the hydrodynamic
mode. Whether in a superfluid system or normal fluid system, the modes for transverse
gauge field are always gapped. For the gapless mode based on large black hole background,
we observed an interesting dynamic behavior with increasing temperature, which is presented
in figure 14. One can observe that this mode decreases initially and then increases as the
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Figure 10. The variation of the low-lying quasi-normal modes with angular quantum number l at
fixed temperature and chemical potential within normal-fluid state for large (top panels) and small
(bottom panels) black holes. The leftmost panels are about scalar field channel (q1 field and q2 field),
middle panels are about longitudinal gauge field channel (a field and c field), the rightmost panels
are about transverse gauge field (b field). l is varied from 0 to 6 for leftmost panels, from 1 to 6 for
the rest.
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Figure 11. The variation of the low-lying quasi-normal modes with angular quantum number l
at fixed temperature and chemical potential within superfluid state for large (top plots) and small
(bottom plots) black holes. The left plots are from scalar field modes, right plots are from transverse
gauge field. l is varied from 0 to 6 for top left panel, from 1 to 6 for the rest.
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plots) black holes. The leftmost plots are from scalar field channel, middle plots are from longitudinal
gauge field channel, rightmost plots are from transverse gauge field.
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Figure 14. The variation of the real part of low-lying mode with temperature based on large black
hole background. This mode is exactly the “first” hydrodynamic excitation within the spherical
superfluid system [32].

temperature increases. The turning point coincides precisely with the phase transition point
from superfluid to normal fluid with increasing temperature. This collective mode is so called
the “first” hydrodynamic excitation within a spherical superfluid system [32].

5 Summary and discussion

This paper extends the study of holographic superfluids from planar to spherical topology,
focusing on phase transitions and collective excitation modes within the spherical superfluid
systems. The key technique is to expand the gauge field on the sphere using vector spherical
harmonics and then perform linear analysis. As mentioned in the Introduction part, relevant
experimental equipment has already been established in space, and studying Bose-Einstein
condensation in a spherical system will be a promising research direction. The work presented
in this paper will lay the foundation for using holographic gravity methods to study the
spherical Bose-Einstein condensation, opening a window for subsequent research on spherical
BECs, such as the previously mentioned issue about Bose-Einstein condensation of interacting
bosons in the spherical system. Some of the research findings in this paper can be supported
by previous studies [18, 32], i.e. the critical temperature for the phase transition from normal
fluid to the superfluid on the unit sphere is always larger than that on the plane, as well
as the “first” hydrodynamic excitation mode.

In addition, we identify a normal second-order phase transition with large black hole
being the background geometry; however, the condensation associated with the small black
hole as the background geometry presents an anomalous second-order phase transition. For
the four solutions in the context of two types of black hole backgrounds, we calculated
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their free energy, respectively. The results indicate that hairy large black hole have the
greatest thermodynamic stability. Therefore, in future studies, we will no longer consider
small black holes as the geometric background. Moreover, we analyzed the quasi-normal
modes in a spherically uniform superfluid at the linear level. Although the small black hole
is thermodynamically unstable, it is also dynamically stable at least at the linear level. In
the study of excitation modes for l ̸= 0, we find interesting dynamic behaviors of the modes
associated with temperature and chemical potential. As l varies, it presents three different
channels, which is similar to the case of the plane.

The phase transition phenomena and dynamical behavior of collective modes discussed
in this paper can await experimental verification. This work will build a foundation for the
subsequent study of nonlinear structure, such as, soliton, vortex, as well as turbulence, on
the unit sphere system with the help of AdS/CFT duality.

Acknowledgments

This work is partly supported by the National Key Research and Development Program of
China with Grant No. 2021YFC2203001 as well as the National Natural Science Foundation
of China with Grant Nos. 12075026, 12035016, 12361141825 and 12375058.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] L. Onsager, Statistical hydrodynamics, Nuovo Cim. 6S2 (1949) 279.

[2] L. Tisza, Transport Phenomena in Helium II, Nature 141 (1938) 913.

[3] F. London, The λ-Phenomenon of Liquid Helium and the Bose-Einstein Degeneracy, Nature 141
(1938) 643.

[4] M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wieman and E.A. Cornell, Observation of
Bose-Einstein condensation in a dilute atomic vapor, Science 269 (1995) 198 [INSPIRE].

[5] K.B. Davis, M.O. Mewes and M.R. Andrews, Bose-Einstein condensation in a gas of sodium
atoms, Phys. Rev. Lett. 75 (1995) 3969 [INSPIRE].

[6] F. Dalfovo, S. Giorgini, L.P. Pitaevskii and S. Stringari, Theory of Bose-Einstein condensation
in trapped gases, Rev. Mod. Phys. 71 (1999) 463 [cond-mat/9806038] [INSPIRE].

[7] L. Pitaevskii and S. Stringari, Bose-Einstein Condensation and Superfluidity, Oxford University
Press, Oxford, U.K. (2016) [DOI:10.1093/acprof:oso/9780198758884.001.0001].

– 17 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF02780991
https://doi.org/10.1038/141913a0
https://doi.org/10.1038/141643a0
https://doi.org/10.1038/141643a0
https://doi.org/10.1126/science.269.5221.198
https://inspirehep.net/literature/392042
https://doi.org/10.1103/PhysRevLett.75.3969
https://inspirehep.net/literature/409530
https://doi.org/10.1103/RevModPhys.71.463
https://doi.org/10.48550/arXiv.cond-mat/9806038
https://inspirehep.net/literature/522231
https://doi.org/10.1093/acprof:oso/9780198758884.001.0001


J
H
E
P
0
2
(
2
0
2
5
)
1
4
4

[8] P.G. Kevrekidis, D.J. Frantzeskakis and R. Carretero-González, Emergent Nonlinear Phenomena
in Bose-Einstein Condensates: Theory and Experiment, in Springer Series on Atomic, Optical,
and Plasma Physics 45, Springer (2008). [DOI:10.1007/978-3-540-73591-5]

[9] V. Buzek and M. Hillery, Quantum copying: Beyond the no cloning theorem, Phys. Rev. A 54
(1996) 1844 [quant-ph/9607018] [INSPIRE].

[10] A.J. Leggett, Superfluidity, Rev. Mod. Phys. 71 (1999) S318 [INSPIRE].

[11] J.I. Cirac and P. Zoller, Goals and opportunities in quantum simulation, Nat. Phys. 8 (2012) 264
[INSPIRE].

[12] J.F. Annett, Superconductivity, Superfluids, and Condensates, Oxford University Press, Oxford,
U.K. (2004) [DOI:10.1093/oso/9780198507550.001.0001].

[13] D.R. Tilley, J. Tilley and W. Zimmermann, Superfluidity and Superconductivity, Am. J. Phys. 55
(1987) 90.

[14] T.L. Sidery, Superfluid neutron star dynamics, mutual friction and turbulence, Ph.D. Thesis,
University of Southampton, Southampton, U.K. (2008).

[15] J.A. Sauls, Superfluidity in the Interiors of Neutron Stars, arXiv:1906.09641 [INSPIRE].

[16] A. Tononi and L. Salasnich, Shell-shaped atomic gases, Phys. Rep. 1072 (2024) 1
[arXiv:2309.15710] [INSPIRE].

[17] S.J. Bereta, L. Madeira, M.A. Caracanhas and V.S. Bagnato, Bose-Einstein condensation in
spherically symmetric traps, Am. J. Phys. 87 (2019) 924934.

[18] A. Tononi and L. Salasnich, Bose-Einstein condensation on the surface of a sphere, Phys. Rev.
Lett. 123 (2019) 160403.

[19] R.A. Carollo et al., Observation of ultracold atomic bubbles in orbital microgravity, Nature 606
(2022) 281 [arXiv:2108.05880].

[20] T. van Zoest et al., Bose-Einstein Condensation in Microgravity, Science 328 (2010) 1540
[INSPIRE].

[21] M. Meister, A. Roura, E.M. Rasel and W.P. Schleich, The space atom laser: an isotropic source
for ultra-cold atoms in microgravity, New J. Phys. 21 (2019) 013039 [arXiv:1807.09817].

[22] A. Cho, Trapped in orbit, Science 357 (2017) 986.

[23] S.A. Hartnoll, C.P. Herzog and G.T. Horowitz, Building a Holographic Superconductor, Phys.
Rev. Lett. 101 (2008) 031601 [arXiv:0803.3295] [INSPIRE].

[24] S.A. Hartnoll, C.P. Herzog and G.T. Horowitz, Holographic Superconductors, JHEP 12 (2008)
015 [arXiv:0810.1563] [INSPIRE].

[25] O. Zobay and B.M. Garraway, Two-Dimensional Atom Trapping in Field-Induced Adiabatic
Potentials, Phys. Rev. Lett. 86 (2001) 1195.

[26] O. Zobay and B.M. Garraway, Atom trapping and two-dimensional Bose-Einstein condensates in
field-induced adiabatic potentials, Phys. Rev. A 69 (2004) 023605 [cond-mat/0306189].

[27] B.M. Garraway and H. Perrin, Recent developments in trapping and manipulation of atoms with
adiabatic potentials, J. Phys. B 49 (2016) 172001.

[28] D.C. Aveline et al., Observation of Bose-Einstein condensates in an Earth-orbiting research lab,
Nature 582 (2020) 193 [INSPIRE].

– 18 –

https://doi.org/10.1007/978-3-540-73591-5
https://doi.org/10.1103/PhysRevA.54.1844
https://doi.org/10.1103/PhysRevA.54.1844
https://doi.org/10.48550/arXiv.quant-ph/9607018
https://inspirehep.net/literature/420963
https://doi.org/10.1103/RevModPhys.71.S318
https://inspirehep.net/literature/522251
https://doi.org/10.1038/nphys2275
https://inspirehep.net/literature/2684501
https://doi.org/10.1093/oso/9780198507550.001.0001
https://doi.org/10.1119/1.14980
https://doi.org/10.1119/1.14980
https://doi.org/10.48550/arXiv.1906.09641
https://inspirehep.net/literature/1741084
https://doi.org/10.1016/j.physrep.2024.04.004
https://doi.org/10.48550/arXiv.2309.15710
https://inspirehep.net/literature/2703693
https://doi.org/10.1038/s41586-022-04639-8
https://doi.org/10.1038/s41586-022-04639-8
https://doi.org/10.48550/arXiv.2108.05880
https://doi.org/10.1126/science.1189164
https://inspirehep.net/literature/2794746
https://doi.org/10.1088/1367-2630/aaf7b5
https://doi.org/10.48550/arXiv.1807.09817
https://doi.org/10.1126/science.357.6355.986
https://doi.org/10.1103/PhysRevLett.101.031601
https://doi.org/10.1103/PhysRevLett.101.031601
https://doi.org/10.48550/arXiv.0803.3295
https://inspirehep.net/literature/781888
https://doi.org/10.1088/1126-6708/2008/12/015
https://doi.org/10.1088/1126-6708/2008/12/015
https://doi.org/10.48550/arXiv.0810.1563
https://inspirehep.net/literature/798954
https://doi.org/10.1103/PhysRevLett.86.1195
https://doi.org/10.1103/PhysRevA.69.023605
https://doi.org/10.48550/arXiv.cond-mat/0306189
https://doi.org/10.1088/0953-4075/49/17/172001
https://doi.org/10.1038/s41586-020-2346-1
https://inspirehep.net/literature/1801041


J
H
E
P
0
2
(
2
0
2
5
)
1
4
4

[29] N. Lundblad et al., Shell potentials for microgravity Bose-Einstein condensates, npj Microgravity
5 (2019) 30 [arXiv:1906.05885].

[30] K. Padavić, K. Sun, C. Lannert and S. Vishveshwara, Physics of hollow Bose-Einstein
condensates, Europhys. Lett. 120 (2017) 20004 [arXiv:1612.05809].

[31] K. Sun, K. Padavić, F. Yang, S. Vishveshwara and C. Lannert, Static and dynamic properties of
shell-shaped condensates, Phys. Rev. A 98 (2018) 013609.

[32] A. Tononi, A. Pelster and L. Salasnich, Topological superfluid transition in bubble-trapped
condensates, Phys. Rev. Res. 4 (2022) 013122 [arXiv:2104.04585] [INSPIRE].

[33] L. Susskind, The World as a hologram, J. Math. Phys. 36 (1995) 6377 [hep-th/9409089]
[INSPIRE].

[34] J.M. Maldacena, The Large N limit of superconformal field theories and supergravity, Adv. Theor.
Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [hep-th/9711200] [INSPIRE].

[35] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical string
theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [INSPIRE].

[36] X. Li, Y. Tian and H. Zhang, Generation of vortices and stabilization of vortex lattices in
holographic superfluids, JHEP 02 (2020) 104 [arXiv:1904.05497] [INSPIRE].

[37] P. Yang, X. Li and Y. Tian, Instability of holographic superfluids in optical lattice, JHEP 11
(2021) 190 [arXiv:2109.09080] [INSPIRE].

[38] Y. Yan, S. Lan, Y. Tian, P. Yang, S. Yao and H. Zhang, Holographic dissipation prefers the
Landau over the Keldysh form, Phys. Rev. D 107 (2023) L121901 [arXiv:2207.02814] [INSPIRE].

[39] P. Wittmer, C.-M. Schmied, T. Gasenzer and C. Ewerz, Vortex Motion Quantifies Strong
Dissipation in a Holographic Superfluid, Phys. Rev. Lett. 127 (2021) 101601
[arXiv:2011.12968] [INSPIRE].

[40] M. Guo, S. Lan, C. Niu, Y. Tian and H. Zhang, Note on Zero Temperature Holographic
Superfluids, Class. Quant. Grav. 33 (2016) 127001 [arXiv:1602.03824] [INSPIRE].

[41] M. Gao, Y. Jiao, X. Li, Y. Tian and H. Zhang, Black and gray solitons in holographic superfluids
at zero temperature, JHEP 05 (2019) 167 [arXiv:1903.12463] [INSPIRE].

[42] T. Nishioka, S. Ryu and T. Takayanagi, Holographic Superconductor/Insulator Transition at
Zero Temperature, JHEP 03 (2010) 131 [arXiv:0911.0962] [INSPIRE].

[43] Y. Kaku, K. Murata and J. Tsujimura, Observing black holes through superconductors, JHEP 09
(2021) 138 [arXiv:2106.00304] [INSPIRE].

[44] S.W. Hawking and D.N. Page, Thermodynamics of Black Holes in anti-de Sitter Space, Commun.
Math. Phys. 87 (1983) 577 [INSPIRE].

[45] K. Landsteiner, The Sound of Strongly Coupled Field Theories: Quasinormal Modes In AdS,
AIP Conf. Proc. 1458 (2012) 174 [arXiv:1202.3550] [INSPIRE].

– 19 –

https://doi.org/10.1038/s41526-019-0087-y
https://doi.org/10.1038/s41526-019-0087-y
https://doi.org/10.48550/arXiv.1906.05885
https://doi.org/10.1209/0295-5075/120/20004
https://doi.org/10.48550/arXiv.1612.05809
https://doi.org/10.1103/PhysRevA.98.013609
https://doi.org/10.1103/PhysRevResearch.4.013122
https://doi.org/10.48550/arXiv.2104.04585
https://inspirehep.net/literature/2034176
https://doi.org/10.1063/1.531249
https://doi.org/10.48550/arXiv.hep-th/9409089
https://inspirehep.net/literature/376940
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.48550/arXiv.hep-th/9711200
https://inspirehep.net/literature/451647
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.48550/arXiv.hep-th/9802109
https://inspirehep.net/literature/467202
https://doi.org/10.1007/JHEP02(2020)104
https://doi.org/10.48550/arXiv.1904.05497
https://inspirehep.net/literature/1729281
https://doi.org/10.1007/JHEP11(2021)190
https://doi.org/10.1007/JHEP11(2021)190
https://doi.org/10.48550/arXiv.2109.09080
https://inspirehep.net/literature/1924388
https://doi.org/10.1103/PhysRevD.107.L121901
https://doi.org/10.48550/arXiv.2207.02814
https://inspirehep.net/literature/2106531
https://doi.org/10.1103/PhysRevLett.127.101601
https://doi.org/10.48550/arXiv.2011.12968
https://inspirehep.net/literature/1833575
https://doi.org/10.1088/0264-9381/33/12/127001
https://doi.org/10.48550/arXiv.1602.03824
https://inspirehep.net/literature/1421153
https://doi.org/10.1007/JHEP05(2019)167
https://doi.org/10.48550/arXiv.1903.12463
https://inspirehep.net/literature/1727355
https://doi.org/10.1007/JHEP03(2010)131
https://doi.org/10.48550/arXiv.0911.0962
https://inspirehep.net/literature/836145
https://doi.org/10.1007/JHEP09(2021)138
https://doi.org/10.1007/JHEP09(2021)138
https://doi.org/10.48550/arXiv.2106.00304
https://inspirehep.net/literature/1866379
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://inspirehep.net/literature/181925
https://doi.org/10.1063/1.4734412
https://doi.org/10.48550/arXiv.1202.3550
https://inspirehep.net/literature/1089315

	Introduction and motivation
	Holographic setup
	Holographic superfluid phase transition
	Collective modes of holographic superfluid
	Summary and discussion

